
The Underdeterministic Framework

Not all that happens is bound to happen. Sometimes probabilities can help represent such non-

deterministic events, but sometimes all there is to know is that some events may, some will, and

some won’t happen depending on what you decide to do. No formal framework can yet model such

situations.

Here, I formulate one. I’ll dub it the underdeterministic framework and build it drawing on the

resources of the deterministic interventionist framework (Halpern, 2016; Hitchcock, 2001; Spirtes,

Glymour, & Scheines, 2001; Pearl, 2000). I begin (§1) by motivating the framework. It can represent

indeterminacies that are essentially non-probabilistic, and it can be useful for modelers working

under bounded uncertainty. Next (§2), I introduce underdeterministic models, which are like their

deterministic counterparts but with a lone exception: structural equations can return multiple values,

and hence models can have multiple solutions. Consequently (§3), the framework affords (non-

probabilistic) modal notions and counterfactuals. An event is causally possible/necessary iff it occurs

on some/all solutions; a might-/would-counterfactual holds in a model if the consequent is causally

possible/necessary after the antecedent is brought about with an intervention.

The modal notions, in turn, underlie the notion of conditional independence (§4), which satisfies

the graphoid axioms (Pearl & Paz, 1985; Verma & Pearl, 1988), and hence behaves similarly to

probabilistic dependence. The notion lets me formulate the causal Markov condition, which, as I

prove, is satisfied by any underdeterministic model. Finally (§5), I define underdeterministic type

causation and show it satisfies three conditions expected from such relations: effects and causes

depend on each other; if two variables depend on each other, either one causes the other or they

share a common cause; and causal intermediaries screen off their effects from their causes. I relegate

all substantial proofs to the appendix (§7).

1 Motivation

Deterministic dependencies have been well-examined. If it’s cold, both she and I will stay home;

if it’s warm, both she and I will take a walk. You’re watching the street from behind a closed

window. If you see me strolling, you can infer she’s strolling too, even if you don’t know whether

it’s warm. Probabilistic dependencies have been well-examined too. If it’s cold, it’s likely I’ll stay

home, and it’s likely she will too; if it’s warm, it’s likely I’ll take a walk, and it’s likely she will
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too. If you see me strolling, you can expect she’s strolling too, though it’s not guaranteed that she

is. There are also underdeterministic dependencies, important yet so far unexamined. If it’s cold,

I may stay home but may take a walk, whereas she will stay home; if it’s warm, I will take a walk,

whereas she may take one too but also may stay home. If you see me strolling, you cannot infer

that she’s strolling too, and if you know she stayed home, you cannot infer I did too. However, if

you know I’m home, you can infer she is too; and if you see her outside, you can infer I am too.

Underdeterministic dependencies, therefore, warrant inferences similarly to how other dependency

kinds do. Like probabilistic dependencies, underdeterministic dependencies are non-deterministic.

Unlike probabilistic dependencies, underdeterministic dependencies can hold even if probabilistic

distributions over events are unknown or cannot be defined.

My initial aim here is to formalize the notion of underdeterministic dependencies and develop

a framework to model them. In particular, I’m interested in dependencies that arise from the causal

structure of the situation being modeled. There are purely theoretical reasons for investigating causal

underdeterminism: if deterministic and probabilistic dependencies deserve a philosophical analysis,

so do their underdeterministic counterparts.

There are pragmatic reasons too. Since underdeterministic relations don’t require identifying

probabilities, the underdeterministic framework models situations beyond the reach of the proba-

bilistic framework. Sometimes you can’t avail yourself to non-arbitrary probabilistic distributions:

maybe the events modeled are too unique to ascribe probability to them. You may think, for in-

stance, that although it’s true that I may go out only if it’s sunny, there’s no determinate probability

of me going out conditional on its being sunny. It seems that such cases are especially widespread in

history; historians investigate the causes of the fall of Saba, yet it would be unreasonable to demand

they assess conditional probabilities. Or maybe the indeterminacy is essentially non-probabilistic.

E.g., you win in an unbiased infinite lottery after betting on 8; betting caused you to win even

though the probability of 8 winning was 0.1 Underdeterministic is also any equilibrium model

that specifies what equilibria are possible given some boundary conditions, but not how probable

these equilibria are (see Spence, 1973 for a famous example). Game theory is rife with such models

(Biswas, 1997). Current theories cannot interpret such models causally.

In particular, underdeterministic are situations under bounded uncertainty, where an agent

knows what states will become possible given the decisions available to her but not how proba-

ble these states are given any decision (Cohen & Jaffray, 1983; Deœux, 2019; Knight, 1921; Runde,

1See Norton (in press, ch. 14 & 15; 2021) for similar examples.
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1998). Plausibly the most famous philosophical argument that invokes bounded uncertainty is

Rawls’s (1971) theory of justice. His lawmakers develop their principles without knowing their per-

sonal characteristics nor even the how probable any personal characteristics are in the population;

however, they know what characteristics are possible. Once they design a society, the lawmakers will

live in this society. Therefore, you may think of the lawmakers as causal agents in an underdeter-

ministic situation—the principles they design will shape what life outcomes are possible.

The framework is also necessary for developing a theory of underdeterministic token causation

(redacted). Causation seems tied to responsibility attributions (Bernstein, 2017; Chockler & Halpern,

2004; Halpern, 2016; Sartorio, 2004; Shafer, 2001), and that holds true also in underdeterministic

situations. If it’s worthwhile to develop a theory of responsibility that doesn’t require assigning

probabilities to the outcomes of actions, it’s worthwhile to develop the underdeterministic frame-

work.

2 Models

I’ll start with a case. Three economists are to recommend a tax for the wealthy. The first consults

the oracle; whatever the oracle proposes, so will the economist, and the oracle may propose a .8 or

1 tax. The second will consult both the oracle and the soothsayer and will recommend the average

of their proposals; and the soothsayer may propose a .7 or .9 tax. The third may recommend what

either the soothsayer or the oracle proposes. Held hostage to neoliberalism, the government will

implement the smallest of four rates: the three recommendations and a .6 tax.

A model consists of variables, their ranges, and their structural equations, 𝔐 = ⟨𝒱, ℛ, ℰ⟩,
where for every 𝑋 from 𝒱 , 𝒟𝑋 denotes 𝑋’s range, 𝒟𝑋 ∈ ℛ . Variable values denote atomic events

(e.g., that the soothsayer proposes .9). In the economists case, I’ll use 𝑂, 𝑆, 𝑃, 𝐴, 𝑇, and 𝐺 to denote

the tax recommended by the oracle, the soothsayer, the first, second, and third economist, and the

tax implemented by the government. The ranges agree: 𝒟𝑂 = � = 𝒟𝐺 = [0, 1].
A variable’s structural equation identifies the variable’s values that are causally possible given

the values of other variables. A variable and its equation are exogenous if the equation’s right

side contains no variables (i.e., the equation is nullary); otherwise, the variable and equation are

endogenous. Equations that for some input return multiple values are underdeterministic; otherwise,

they are deterministic. One variable parents another if the former is an argument in the latter’s

equation; the latter variable is then a child of the former. Being an ancestor is the transitive closure
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of being a parent, and being a descendant is the transitive closure of being a child.

Equations describe underdeterministic counterfactual relations between events. Specifically, ex-

ogenous equations encode primitive causal modals, while endogenous equations encode primitive

causal counterfactuals. I’ll use the economists case to explain what that means. The equations

representing the case are:

𝑂 ← .8, 1, 𝑆 ← .7, .9, 𝑃 ← 𝑂, 𝐴 ← (𝑆 + 𝑂)/2, 𝑇 ← 𝑆, 𝑂, 𝐺 ← min(𝑃, 𝐴, 𝑇, .6).

𝑂 parents 𝑃, 𝐴, and 𝑇; 𝑆 parents 𝐴 and 𝑇; 𝑃, 𝐴, and 𝑇 parent 𝐺. 𝑂’s equation, exogenous un-

derdeterministic, expresses the primitive causal possibility that the oracle proposes a .8 tax and the

primitive causal possibility that the oracle proposes a 1 tax. The comma separates the variable’s pos-

sible values, i.e., read the equation as 𝑂 ∈ {.8, 1}. 𝑃’s equation, endogenous deterministic, expresses

a family of primitive would-counterfactuals “if the oracle proposes rate 𝑂, the first economist will

recommend rate 𝑂” for every value of 𝑂 from 𝑂’s range. 𝑇’s equation is endogenous underde-

terministic; it expresses a family of might counterfactuals “if the oracle proposes rate 𝑂 and the

soothsayer rate 𝑆, the third economist may recommend rate 𝑂” and “if the oracle proposes rate

𝑂 and the soothsayer rate 𝑆, the third economist may recommend rate 𝑆” for every value of 𝑂
and 𝑆 from their ranges. Again, read the equation as 𝐴 ∈ {𝑂, 𝑆}. The remaining equations read

analogously.

Not all counterfactuals are primitive. Although “if the oracle proposes .7 and the soothsayer .2,
the first economist will recommend .7” holds, the counterfactual isn’t encoded by any equation but

follows instead from the primitive counterfactual “if the oracle proposes .7, the first economist will

recommend .7.” Any equation must satisfy a constraint: the value of the parent makes a difference

to the value of the child at least under some assignment of values to the remaining variables. In

deterministic models, the constraint demands that 𝑋 parents 𝑌 iff there are at least two values of 𝑋
such that switching between these values changes 𝑌’s value under some assignment of values to the

remaining variables 𝒱\ {𝑋, 𝑌} (Halpern, 2016:15; Hitchcock, 2001:280). In probabilistic models, the

constraint demands that under some assignment to 𝒱\ {𝑋, 𝑌}, switching between the two values of 𝑋
changes 𝑌’s probabilistic distribution (Fenton-Glynn, 2017; Pearl, 2000:14). The underdeterministic

version of the constraint is analogous: under some assignment to 𝒱\ {𝑋, 𝑌}, switching between the

two values of 𝑋 changes 𝑌’s possible values. In the underdeterministic framework, therefore, to

make a difference is to change (i.e., to limit or to expand) what may ensue.
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The framework deals with recursive models only, which means that no variable is its own ancestor.

In such models, variables can be ordered topologically, so that every variable comes after the variables

that are arguments in its equation. I’ll assume that 𝒱 is ordered with some particular topological

order—henceforth, the topological order—and every subset of 𝒱 inherits this order. I’ll denote such

subsets with a capital letter topped with an arrow, e.g., �⃗�. For the sum of sets, I write �⃗��⃗� instead

of �⃗� ∪ �⃗� and 𝑋�⃗� instead of {𝑋} ∪ �⃗�. In the cases I discuss, the order will be the same as the order

in which I list the model’s equations.

Solutions to an underdeterministic model represent how the target situation may develop, i.e.,

possible histories. Recursive by assumption, underdeterministic models always have at least one

solution, satisfying a plausible demand that every situation may develop in at least one way. The

solutions to the economists model are:

Table 1. Solutions to the economists model.

𝑂 𝑆 𝑃 𝐴 𝑇 𝐺 𝑂 𝑆 𝑃 𝐴 𝑇 𝐺
�⃗�1 .8 .7 .8 .75 .7 .6 �⃗�5 1 .7 1 .85 .7 .6

�⃗�2 .8 .7 .8 .75 .8 .6 �⃗�6 1 .7 1 .85 1 .6

�⃗�3 .8 .9 .8 .85 .8 .6 �⃗�7 1 .9 1 .95 .9 .6

�⃗�4 .8 .9 .8 .85 .9 .6 �⃗�8 1 .9 1 .95 1 .6

If a model describes a situation that has already happened, you may identify one of the solutions

as actual. However, what events actually transpire won’t matter in the current analysis.2

Figure 1. The economists case.

Models are best entertained using diagrams. Variables correspond to nodes (hence, I’ll use the

terms interchangeably), and directed edges connect a node to its children. On the diagram, a node

2They matter when it comes to token causation (redacted).

5



also contains its possible values. A recursive model has an acyclic graph. For the diagram of the

economists model, see fig. 1.

Crucial for the framework is the notion of an assignment. An assignment over variables �⃗�
maps the variables to some elements from their domains. I denote an arbitrary assignment with a

lowercase letter topped with an arrow, e.g., ⃗𝑥. I represent a concrete assignment as a tuple of values

in the topological order, typically also indicating what variables are being mapped, e.g., assignment

⟨1𝐹, 0𝐴⟩ assigns 1 to 𝐹 and 0 to 𝐴. ⃗𝑥[�⃗�] denotes a projection of ⃗𝑥 onto variables �⃗�, where ⃗𝑥
must assign values to all variables from �⃗�, e.g., ⟨1𝐹, 0𝐴⟩ [𝐹] = ⟨1𝐹⟩. Any projection onto an

empty list of variables produces the empty assignment, ⃗𝑥[∅] = ⟨⟩. I’ll also rely heavily on junction,

an operation on sets of assignments. Where 𝑈 is a set of assignments over �⃗�, and 𝑉 is a set of

assignments over �⃗�, their junction 𝑈 1 𝑉 is the maximal set of assignments over �⃗��⃗� such that

every assignment from the junction agrees with some assignment from 𝑈 on the values of �⃗� and

some assignment from 𝑉 on the values of �⃗�. (For another definition of junction, see §7.1.) E.g.,

{⟨0𝑆⟩ , ⟨1𝑆⟩} 1 {⟨.5𝑃⟩} = {⟨0𝑆, .5𝑃⟩ , ⟨1𝑆, .5𝑃⟩}. A solution to an underdeterministic model is an

assignment over 𝒱 that satisfies the model’s equation.

Events over �⃗� can be identified with sets of assignments over �⃗�.3 A conjunctive event over �⃗�
is a singleton containing an assignment over �⃗�. An atomic event is a conjunctive event over a

single variable. A simple event over �⃗� is a set of assignments that decomposes into a junction of

sets over single variables, where for every variable from �⃗�, exactly one set is over this variable.

E.g., event {⟨0𝑆, .2𝑃⟩ , ⟨1𝑆, .5𝑃⟩} isn’t simple, while {⟨0𝑆, .5𝑃⟩ , ⟨1𝑆, .5𝑃⟩} is because it’s equivalent

to {⟨0𝑆⟩ , ⟨1𝑆⟩} 1 {⟨.5𝑃⟩}. Therefore, atomic events are conjunctive, and conjunctive events are

simple.

The name of an event over �⃗� is a Boolean combination of mathematical formulas over �⃗� that

is satisfied by all and only assignments from the event. I won’t specify the syntax of names but

simply assume that for any name built with some variables and for any assignment over at least these

variables, it’s always possible to substitute the variables’ values for the variables’ names and test if

the resulting sentence is true. If it is, the assignment satisfies the event name. So, a name denotes a

conjunctive event over �⃗� if the name is satisfied by exactly one assignment over �⃗�; a name denotes

an atomic event if the name denotes a conjunctive event over one variable; if a name is a conjunction

of satisfiable formulas, each over a different single variable, then the name denotes a simple event.

3Therefore, events are like teams (Barbero & Sandu, 2021), which are similarly defined as sets of assignments. However,
dealing with disjunctive events requires extending the formalism to sets of assignments that needn’t be over the same
variables (Briggs, 2012; Fine, 2012; redacted). There, the analogy with teams breaks.
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⊤ stands for a sentence over no variables that denotes the event {⟨⟩} (which conventionally counts

a conjunctive simple event); for �⃗� = ∅, �⃗� = ⃗𝑥 is equivalent to ⊤. ⊥ stands for a sentence over

no variables that is satisfied by no assignments; thus, ⊥ denotes the contradictory event ∅. I adopt
the following conventions. I’ll typically denote atomic events over 𝑋 with 𝑋 = 𝑥, where 𝑥 ∈ 𝒟𝑋;

conjunctive events over �⃗� with �⃗� = ⃗𝑥, where ⃗𝑥 is an assignment over �⃗�; simple events with Greek

letters topped with a dot, e.g., ̇𝜑; and arbitrary events with Greek letters, e.g., 𝜓. For instance,

⟨𝐴, 𝑇⟩ = ⟨.8, .9⟩ denotes the conjunctive event of the second economist recommending a .8 tax

and the third economist recommending a .9 tax.

Any simple event can be brought about in a model by an intervention.4 First, take a conjunctive

event �⃗� = ⃗𝑥. Like in deterministic models, to bring about �⃗� = ⃗𝑥 in 𝔐, for every 𝑋 from �⃗�,

replace 𝑋’s equation with 𝑋 ← ⃗𝑥[𝑋]. Now, take a simple event ̇𝜑; say that the event is over

�⃗� = ⟨𝑋1, 𝑋2, … , 𝑋𝑘⟩ and it decomposes into a junction 𝑉1 1 𝑉2 1 � 1 𝑉𝑘, where 𝑉𝑖 is a non-

empty set over 𝑋𝑖. To bring ̇𝜑 about, for every 𝑋𝑖 from �⃗�, replace 𝑋𝑖’s equation one that assigns to

𝑋𝑖 all values from 𝑉𝑖: 𝑋𝑖 ← 𝑉𝑖. For instance, to bring about 𝑇 > .8∧𝐴 < .5, replace 𝑇’s equation
with 𝑇 ← (.8, 1] and 𝐴’s equation with 𝐴 ← [0, .5). I’ll denote a post-intervention model with 𝔐�̇�,

where ̇𝜑 is the event brought about with an intervention. The post-intervention model agrees with

the pre-intervention one on variables, their ranges, and the equations for 𝒱\�⃗�. Bringing about ⊤
leaves the model intact; you cannot bring about ⊥, as it’s not a simple event. You can also compose

interventions. 𝔐�̇�, ̇𝜌 denotes the model produced by bringing about ̇𝜑 in 𝔐 and subsequently ̇𝜌 in

the resulting model 𝔐�̇�; the definition extends to any number of events. Notice that if variables in

̇𝜑 and ̇𝜌 don’t overlap, bringing about ̇𝜑 and then ̇𝜌 is equivalent to bringing about ̇𝜑 ∧ ̇𝜌.

3 The model language: modals and counterfactuals

Where name 𝜓 denotes any event, and name ̇𝜑 denotes a simple event, sentences of the model

language are: modal claims 𝜓 and 𝜓, might-counterfactuals ̇𝜑 𝜓, would-counterfactuals
̇𝜑 𝜓, and any Boolean combination of modal sentences and counterfactuals. Their semantics is

as follows.

The event (denoted by the event name) 𝜓 is causally possible—henceforth, simply possible—in 𝔐
4The framework allows for a richer semantics of bringing about any event (redacted); however, this functionality requires
additional formalism which I cannot present here.
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iff 𝜓 happens on at least one solution to 𝔐:

𝔐⊨ 𝜓 iff 𝜓 is satisfied by some solution to 𝔐. (1)

E.g., it’s possible that the soothsayer proposes a .7 tax, and it’s impossible that the second economist

recommends a tax less than .5.
The event 𝜓 is causally necessary—henceforth, simply necessary—in 𝔐 iff 𝜓 happens on all solu-

tions to 𝔐:

𝔐⊨ 𝜓 iff 𝜓 is satisfied by every solution to 𝔐. (2)

E.g., it’s necessary the recommendations of the second and the third economist differ at most by

15p.p.
The operators are duals,

𝔐⊭ 𝜓 iff 𝔐⊨ ¬𝜓, (3)

and necessity implies possibility,

if 𝔐⊨ 𝜓 then 𝔐⊨ 𝜓. (4)

In deterministic models, which have only one solution, the implication goes both ways.

Causal possibility and necessity are—I must stress—model-relative. What’s possible in one model

might become impossible after an intervention. E.g., 𝑃 = .8 is possible in 𝔐 but impossible in

𝔐𝑂=.6. Therefore, that an event is causally impossible doesn’t mean you can’t bring it about, but

only that it won’t happen unless you appropriately intervene on the system.

Might-counterfactual “were ̇𝜑 to happen, 𝜓 could happen” holds in 𝔐 iff 𝜓 is possible after

bringing about ̇𝜑,
𝔐⊨ ̇𝜑 𝜓 iff 𝔐�̇� ⊨ 𝜓. (5)

E.g., if the oracle proposes a .6 tax, the second economist may recommend a .6 tax because 𝐴 = .6
is possible on 𝔐𝑂=.6.

Would-counterfactual “were ̇𝜑 to happen, 𝜓 would happen” holds in 𝔐 iff 𝜓 is necessary after

bringing about ̇𝜑,
𝔐⊨ ̇𝜑 𝜓 iff 𝔐�̇� ⊨ 𝜓. (6)

E.g., if the oracle proposes a .6 tax, the first economist will recommend a .6 tax because 𝑃 = .6 is
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necessary in 𝔐𝑂=.6. Counterfactuals are duals,

𝔐⊭ ̇𝜑 𝜓 iff 𝔐⊨ ̇𝜑 ¬𝜓, (7)

which follows from (3). Any would-counterfactual entails a corresponding might-counterfactual,

if 𝔐⊨ ̇𝜑 𝜓 then 𝔐⊨ ̇𝜑 𝜓, (8)

and in deterministic models, the implication goes both ways. ⊤ is necessary and thus possible, ⊥ is

impossible and thus not necessary.

Modal claims and counterfactuals can be combined using Boolean operators. Where Φ and Ψ
are sentences of the model language, 𝔐 ⊨ ¬Φ iff 𝔐 ⊭ Φ, 𝔐 ⊨ Φ ∧ Ψ iff 𝔐 ⊨ Φ and 𝔐 ⊨ Ψ,

and so on for all the usual logical connectives. Neither a lone event name (e.g., 𝔐⊨ 𝑂 = .9) nor a
formula with a modal operator bound by another (e.g., 𝔐 ⊨ ¬ ¬ 𝑂 = .9) is a sentence of the
model language.

4 Independence and the causal Markov condition

The framework doesn’t deal with probabilities, but it does afford a very similar—and useful—notion

of independence. Take disjoint variable sets �⃗� and �⃗�. �⃗� and �⃗� are (unconditionally) independent in

a model iff any possible conjunctive events over �⃗� and over �⃗� are co-possible,

�⃗� á �⃗� Ñ ∅ iff 𝔐⊨ �⃗� = ⃗𝑥 and 𝔐⊨ �⃗� = ⃗𝑦

implies 𝔐⊨ (�⃗� = ⃗𝑥 ∧ �⃗� = ⃗𝑦) for any ⃗𝑥, ⃗𝑦.
(9)

Take any variable set �⃗� (which is allowed to overlap with �⃗��⃗�). �⃗� and �⃗� are conditionally

independent given �⃗� in a model iff any possible conjunctive events over �⃗��⃗� and over �⃗��⃗� that agree

on �⃗� are co-possible,

�⃗� á �⃗� Ñ �⃗� iff 𝔐⊨ (�⃗� = ⃗𝑥 ∧ �⃗� = ⃗𝑧) and 𝔐⊨ (�⃗� = ⃗𝑦 ∧ �⃗� = ⃗𝑧)

implies 𝔐⊨ (�⃗� = ⃗𝑥 ∧ �⃗� = ⃗𝑦 ∧ �⃗� = ⃗𝑧) for any ⃗𝑥, ⃗𝑦, ⃗𝑧.
(10)

Unconditional independence is a case of conditional independence for �⃗� = ∅.
Conditional independence explicates the notion of irrelevance: �⃗� á �⃗� Ñ �⃗� means that “knowing
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⃗𝑧 [i.e., the values of �⃗�] renders ⃗𝑥 irrelevant to ⃗𝑦” (Pearl & Paz, 1985:5). Pearl and Paz illustrate the

notion as follows. “In trying to predict whether I am going to be late for a meeting, it is normally

a good idea to ask somebody on the street for the time. However, once I establish the precise time

by listening to the radio, asking people for the time becomes superfluous and their responses would

be irrelevant” (Pearl & Paz 1985:3).

As an example, take 𝑂 and 𝑆. They are unconditionally independent. Only two conjunctive

events over 𝑂 and two over 𝑆 are possible: 𝑂 = .8, 𝑂 = 1, and 𝑆 = .7, 𝑆 = .9. And it turns

out (tab. 1) that ⟨𝑂, 𝑆⟩ = ⟨.8, .7⟩, ⟨𝑂, 𝑆⟩ = ⟨.8, .9⟩, ⟨𝑂, 𝑆⟩ = ⟨1, .7⟩, and ⟨𝑂, 𝑆⟩ = ⟨1, .9⟩ are

also possible. The definition is satisfied. Say, you know all counterfactual relationships between the

events, i.e., you know the model of the case. Once you learn what the oracle in fact proposes, it

won’t change what you believe the soothsayer may propose. And the other way around. However,

the variables are conditionally dependent on 𝐴: both ⟨𝑂, 𝐴⟩ = ⟨.8, .85⟩ and ⟨𝑆, 𝐴⟩ = ⟨.7, .85⟩ are

possible, but ⟨𝑂, 𝑆, 𝐴⟩ = ⟨.8, .7, .85⟩ is impossible, and (10) fails. Say, you learn that the second

economist recommends a .85 tax. That doesn’t narrow down what the soothsayer may propose (.7
or .9). But once you also learn that the oracle proposes .8, you’ll infer that the soothsayer proposes
.9.

Notice that if some conjunctive event over �⃗� is necessary in a model, �⃗� are conditionally and

unconditionally independent from all variables. E.g., 𝐺 = .6 is necessary in the economists model,

and all other variables are independent from 𝐺.

Verma and Pearl notice that “[…] most sensible definitions of [independence] share four common

properties” (1985:352), which they formalize as four graphoid axioms: symmetry, decomposition, weak

union, and contraction. Where �⃗� is disjoint with �⃗�, the axioms spell:

1. Symmetry. If one piece of information is irrelevant for another, the latter is also irrelevant for

the former,

if �⃗� á �⃗� Ñ �⃗� then �⃗� á �⃗� Ñ �⃗�. (11)

E.g., if knowing the oracle’s actual proposal doesn’t help you narrow down the soothsayer’s

possible proposals, 𝑂 á 𝑆 Ñ ∅, then knowing the soothsayer’s actual proposal won’t help you

narrow down the oracle’s possible proposals, 𝑆 á 𝑂 Ñ ∅.5

2. Decomposition. If two pieces are irrelevant for a third piece, then either piece alone is also

5For another, very appealing illustration of the axioms, see (Lauritzen, 1996:30).
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irrelevant,

if �⃗��⃗� á �⃗� Ñ �⃗� then �⃗� á �⃗� Ñ �⃗�. (12)

E.g., knowing the second economist’s recommendation won’t help you narrow down the

first’s if you already know what the oracle proposed, 𝐴 á 𝑃 Ñ 𝑂; knowing the third’s

recommendation won’t help you narrow down the first’s if you already know what the oracle

proposed, 𝑇 á 𝑃 Ñ 𝑂; therefore, knowing the second’s and third’s recommendations won’t

help you narrow down the first’s if you already know what the oracle proposed, 𝐴, 𝑇 á 𝑃 Ñ 𝑂.

3. Weak union. Learning new irrelevant information won’t make relevant what’s already irrele-

vant,

if �⃗��⃗� á �⃗� Ñ �⃗� then �⃗� á �⃗� Ñ �⃗��⃗�. (13)

E.g., the second’s and third economist’s recommendations are irrelevant for the first’s given

the oracle’s proposal, 𝐴, 𝑇 á 𝑃 Ñ 𝑂; therefore, the second’s is irrelevant for the first’s given

the oracle’s proposal and the third’s recommendation, 𝐴 á 𝑃 Ñ 𝑂, 𝑇.

4. Contraction. A piece that is irrelevant after you learn some other irrelevant piece was already

irrelevant before you learned that other piece,

if �⃗� á �⃗� Ñ �⃗� and �⃗� á �⃗� Ñ �⃗��⃗� then �⃗��⃗� á �⃗� Ñ �⃗�. (14)

E.g., the second economist’s recommendation is irrelevant for the first’s recommendation

given the oracle’s proposal, 𝐴 á 𝑃 Ñ 𝑂; the third’s recommendation is irrelevant for the

first’s recommendation given the oracle’s proposal, 𝑇 á 𝑃 Ñ 𝑂, 𝑆; therefore, the second’s and
third’s recommendation are irrelevant for the first’s given the oracle’s proposal, 𝐴, 𝑇 á 𝑃 Ñ 𝑂.

Underdeterministic independence satisfies the axioms (§7.2). Therefore, I can use it to formulate

the causal Markov condition. The condition states that any node is conditionally independent from

its non-descendants given its parents,

𝑋 á �⃗� Ñ �⃗�, i.e., 𝔐⊨ (𝑋 = 𝑥 ∧ �⃗� = ⃗𝑝) and 𝔐⊨ (�⃗� = ⃗𝑛 ∧ �⃗� = ⃗𝑝)

implies 𝔐⊨ (𝑋 = 𝑥 ∧ �⃗� = ⃗𝑛 ∧ �⃗� = ⃗𝑝) for any 𝑥, ⃗𝑛, ⃗𝑝
(15)

where �⃗� are 𝑋’s parents, and �⃗� are all the nodes that don’t descend from �⃗�; therefore, 𝑋 ∉ �⃗�, but

�⃗� ⊆ �⃗�. However, as any variable is trivially independent from some other variables conditional
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on these very variables, it’s fine to consider non-parent non-descendants �⃗�\�⃗� instead of all non-

descendants �⃗� (Hausman & Woodward, 1999:523).

Underdeterministic models satisfy the causal Markov condition (§7.3); roughly, the condition

follows from the fact that a variable’s possible values are determined solely by the values of its parents.

An illustration: what the second economist recommends is independent from the recommendations

of the other two given the oracle’s and the soothsayer’s proposals, 𝐴 á 𝑃, 𝑇 Ñ 𝑂, 𝑆. Four conjunctive
events over 𝑂, 𝑆, 𝐴 and eight over 𝑂, 𝑆, 𝑃, 𝑇 are possible; and any conjunction of one of the four

and one of the eight is possible, provided the conjoined events agree on the values of 𝑂, 𝑆. For

instance, ⟨𝑂, 𝑆, 𝐴⟩ = ⟨.8, .7, .75⟩ is possible, ⟨𝑂, 𝑆, 𝑃, 𝑇⟩ = ⟨.8, .7, .8, .7⟩ is possible, and their

conjunction is also possible—it corresponds to the first solution to the model (�⃗�1 in tab. 1).

From the graphoid axioms and the causal Markov condition follows (what I’ll call) the indepen-

dence theorem: if some variables d-separate two node sets from each other, the sets are conditionally

independent given the separating variables,

if �⃗� d-separates �⃗� and �⃗� then �⃗� á �⃗� Ñ �⃗�, (16)

where d-separation is defined graphically (Pearl 2000:17). Variables �⃗� block an undirected path iff

1. the path contains a chain of nodes Z → 𝑍 → Z or a fork Z ← 𝑍 → Z (where 𝑍 ∈ �⃗�, Z
stands for any node, and arrows stand for edges);

2. or the path contains a collider Z → 𝑁 ← Z such that neither 𝑁 nor any of its descendants

are in �⃗�.

�⃗� d-separate �⃗� and �⃗� from each other iff �⃗� block every undirected path between any node from �⃗�
and any node from �⃗�. Verma and Pearl (1988:355-7) prove that if a ternary relation on nodes of

a digraph satisfies symmetry, decomposition, weak union, contraction, and the Markov condition,

then the relation holds between every three sets of nodes where the last set d-separates the first

two. Since underdeterministic independence satisfies the graphoid axioms and the causal Markov

condition, any two sets of nodes in an underdeterministic are independent given any d-separating

set of nodes—that is, the independence theorem holds of underdeterministic models.

As illustrations take the relationships already analyzed. 𝑂 and 𝑆 don’t share ancestors and

therefore are d-separated by ∅, and therefore 𝑂 á 𝑆 Ñ ∅. Yet, 𝑂 á 𝑆 Ñ 𝐴, which is consistent with

the fact that 𝐴, a collider, doesn’t d-separate 𝑂 and 𝑆. 𝑃 á 𝑇 Ñ ∅, which is consistent with the fact
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that 𝑃 and 𝑇 share an ancestor and therefore aren’t d-separated by ∅. Yet, 𝑂 d-separates 𝑃 and 𝑇,
and therefore 𝑃 á 𝑇 Ñ 𝑂. Notice, though, the converse is false: e.g., 𝑂 á 𝑆 Ñ 𝑇, although 𝑂 and 𝑆
aren’t d-separated by 𝑇.

From the independence theorem follows the intervention corollary: intervening on proper non-

ancestors6 of some variables doesn’t change what events over these variables are possible (§7.4). In

term of diagrams, the corollary expresses the obvious property that if no directed paths lead from

�⃗� to �⃗�, intervening on �⃗� won’t change the possible values of �⃗�.

5 Type causation

The framework also affords a definition of underdeterministic type causation; I’ll introduce the

definition not only as a part of the framework but, foremost, as an exercise in what the framework

is capable of.

Recall Woodward’s (2003:75) definition of deterministic type-causation: variable 𝑋 causes vari-

able 𝑌 if intervening on 𝑋 changes the value of 𝑌 under some contingency, i.e., after freezing some

of the remaining variables at some values. Behind this definition lurks the more general idea that

𝑋 causes 𝑌 if 𝑋 makes a difference to 𝑌 under some contingency. Since on the underdeterministic

framework, to make a difference is to affect what’s possible, an underdeterministic analog of Wood-

ward’s definition sates that 𝑋 causes 𝑌 if intervening on 𝑋 under some contingency changes the

possible values of 𝑌:

𝑋 causes 𝑌 in 𝔐 iff 𝔐�⃗�= ⃗𝑓 ⊨ 𝑋 = 𝑥 𝑌 = 𝑦 and 𝔐�⃗�= ⃗𝑓 ⊨ 𝑋 = �̲̲̲̲� 𝑌 ≠ 𝑦

for some contingency ⃗𝐹 = ⃗𝑓 and some 𝑥, �̲̲̲̲�, 𝑦, where 𝑋 ∉ ⃗𝐹.
(17)

It reads: 𝑋 causes 𝑌 if you can freeze some nodes ⃗𝐹 at values ⃗𝑓 so that 𝑌 = 𝑦 is possible when you set

𝑋 to 𝑥 but impossible when you set 𝑋 to �̲̲̲̲�. The definition holds in deterministic models too, as in

such models, 𝔐�⃗�= ⃗𝑓 ⊨ 𝑋 = 𝑥 𝑌 = 𝑦 is equivalent to 𝔐�⃗�= ⃗𝑓 ⊨ 𝑋 = 𝑥 𝑌 = 𝑦—deterministic

type causation is an edge case of underdeterministic type causation.

According to Hausman and Woodward (1999:521), a type causal concept ought to satisfy three

desiderata: effects and causes depend on each other; if two variables depend on each other, either one

causes the other or they share a common cause; and causal intermediaries screen off their effects from

6Proper non-ancestors of �⃗� are variables that neither are ancestors of any node from �⃗� nor belong to �⃗�.
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their causes. Because underdeterministic models satisfy the Markov condition, underdeterministic

type causation satisfies these desiderata. I’ll discuss them in turn.

Relative to the target causal claim “𝑋 causes 𝑌 in 𝔐,” consider a witness model: a model where

the contingency and the two values of 𝑋 that you switch between are enforced with an intervention:

𝔐�⃗�= ⃗𝑓 ∧(𝑋=𝑥∨𝑋=�̲̲̲̲�). Since event
⃗𝐹 = ⃗𝑓 ∧ (𝑋 = 𝑥 ∨ 𝑋 = �̲̲̲̲�) is simple, it can be brought about with

an intervention, and therefore a witness model always exists. Call solutions to the witness model

witness solutions. When independence is relative to the witness model, Hausman and Woodward’s

desiderata hold.

Effects and causes depend on each other. I explicate the desideratum as: if the target claim holds,

𝑋 á 𝑌 Ñ ∅ in the witness model.

An illustration: what the oracle recommends causes what the third economist recommends, and

the two variables are dependent. Under the empty contingency, wiggle 𝑂, say, between 𝑂 = .5 and

𝑂 = .7. After you bring about 𝑂 = .5, the third economist may recommend 𝑇 = .5, 𝑇 = .7,
or 𝑇 = .9. After you bring about 𝑂 = .7, the third economist may recommend 𝑇 = .7 or

𝑇 = .9. As the two sets differ, type causation occurs. And, per the desideratum, the variables

unconditionally depend on each other in the witness model 𝔐𝑂=.5∨𝑂=.7 because 𝑂 = .7, 𝑇 = .5,
but not 𝑂 = .7 ∧ 𝑇 = .5 are possible in this model.

And a proof: first, the definition of type causation entails that 𝑌 = 𝑦 on some solution to

𝔐�⃗�= ⃗𝑓 ∧𝑋=𝑥 but no solution to 𝔐�⃗�= ⃗𝑓 ∧𝑋=�̲̲̲̲�. Second, every witness solution is either a solution to

𝔐�⃗�= ⃗𝑓 ∧𝑋=𝑥 or to 𝔐�⃗�= ⃗𝑓 ∧𝑋=�̲̲̲̲� (and never to both at once, as the solutions to the two models differ

on the value of 𝑋). Because 𝑌 = 𝑦 at least on one witness solution on which 𝑋 = 𝑥, and 𝑌 = 𝑦 on

no witness solution on which 𝑋 = �̲̲̲̲�, 𝑋 and 𝑌 aren’t unconditionally independent in the witness

model:

𝔐�⃗�= ⃗𝑓 ∧(𝑋=𝑥∨𝑋=�̲̲̲̲�) ⊨ 𝑋 = �̲̲̲̲�, 𝔐�⃗�= ⃗𝑓 ∧(𝑋=𝑥∨𝑋=�̲̲̲̲�) ⊨ 𝑌 = 𝑦,

but 𝔐�⃗�= ⃗𝑓 ∧(𝑋=𝑥∨𝑋=�̲̲̲̲�) ⊭ (𝑋 = �̲̲̲̲� ∧ 𝑌 = 𝑦).

The proof in short: 𝑋 and 𝑌 depend on each other because 𝑋 = �̲̲̲̲� and 𝑌 = 𝑦 are possible but not

co-possible. The desideratum is satisfied.

If two variables depend on each other, either one causes the other or they share a common cause. I explicate

the desideratum as: if 𝑋 á 𝑌 Ñ ∅ in 𝔐, then for some variable 𝑍, 𝑍 is or causes 𝑋, and 𝑍 is or
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causes 𝑌 under some common contingency ⃗𝐹 = ⃗𝑓 .7

An illustration: 𝑃 and 𝑇 unconditionally depend on each other, and they also share a cause, 𝑂.

In 𝔐𝑂=.8, 𝑃 = .8 and 𝑇 = .8 are possible; in 𝔐𝑂=1, they are impossible. Therefore, 𝑂 causes

both 𝑃 and 𝑇. Another illustration: 𝑆 and 𝐴 depend on each other, and the former causes the

latter. E.g., 𝐴 = .95 is possible in 𝔐𝑆=.9 but not 𝔐𝑆=.5.

It’s easy to establish that 𝑋 á 𝑌 Ñ ∅ entails that 𝑋 and 𝑌 share an ancestor. In virtue of the

independence theorem, 𝑋 á 𝑌 Ñ ∅ implies that 𝑋 and 𝑌 aren’t d-separated by ∅, and therefore that

there’s an undirected path between 𝑋 and 𝑌 with at most one fork. If the path contains no fork,

either 𝑋 descends from 𝑌 or 𝑌 from 𝑋. If there’s a fork, the fork variable is the common ancestor.

However, that 𝑋 and 𝑌 share ancestors doesn’t yet mean that the ancestor causes both 𝑋 and 𝑌.8 I

prove the desideratum in §7.5.

Although effects and causes depend on each other, and if two variables depend on each other,

they either are causally related or share a common cause, variables that share a common cause needn’t

be dependent. It is so even under the same contingency. Consider: if it’s sunny, 𝑊 = 1, I may

go out, 𝐼 = 1, but also may stay home, 𝐼 = 0, and you may go out, 𝑌 = 1, but also may stay

home, 𝑌 = 0; if it rains, 𝑊 = 0, we’ll both stay home. It may be sunny, but it may rain too. The

equations:

𝑊 ← 0, 1, 𝐼 ← 0, 𝑊, 𝑌 ← 0, 𝑊. (18)

𝑊 causes both 𝐼 and 𝑌 because 𝐼 = 1, 𝑌 = 1 are possible only under 𝑊 = 1. Yet, 𝐼 and 𝑌 are

unconditionally independent, for any value of 𝐼 is co-possible with any value of 𝑌.

Causal intermediaries screen off their effects from their causes. I explicate the desideratum as: if the

target claim holds, intervening on at least one node on every directed path from 𝑋 to 𝑌 will render

the target causal claim false.9

An illustration: 𝑆 causes 𝐺 because if the soothsayer proposes a .7 tax, the government will

implement .6, but if the soothsayer proposes .5, the government will implement that tax. Both 𝐴
and 𝑇 cause 𝐺 too, as setting any of these variables to some value below .6 will change 𝐺’s value

to that value. 𝑆 also causes 𝐴 and 𝑇. And, per the desideratum, once you intervene on 𝐴 and 𝑇,
7If 𝑋 causes 𝑌 then take 𝑍 as 𝑋; if 𝑋 and 𝑌 share a cause, but neither causes the other, then 𝑍 is neither 𝑋 nor 𝑌.
Only in the edge case where 𝑋 is 𝑌, 𝑍 is 𝑋 and 𝑌.

8An example: 𝒟𝑋 = 𝒟𝑊 = 𝒟𝑌 = {0, 1}, 𝒟𝑈 = {0, 1, 2}, 𝑋 ← 0, 1, 𝑊 ← 0, 1, 𝑈 ← 𝑊 + 𝑋 if 𝑊 >
0, 𝑊 otherwise, 𝑌 ← min(𝑈, 1). In this model, under no contingency does wiggling 𝑋 wiggle 𝑌, although a directed
path goes from 𝑋 to 𝑌.

9I.e., �⃗� screen off �⃗� from �⃗� iff every path from �⃗� to �⃗� goes through some node from �⃗�.
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changing the soothsayer’s proposal won’t affect the tax implemented, as the government bases its

decision only on the economists’ recommendations.

And the proof: let ⃗𝐼 be any set of intermediaries—every directed path from 𝑋 to 𝑌 goes through

⃗𝐼, and 𝑋, 𝑌 ∉ ⃗𝐼. ⃗𝐼 ∩ ⃗𝐹 = ∅ because all contingency nodes are exogenous and therefore don’t lie on

any path from 𝑋 to 𝑌. Now, any intervention on ⃗𝐼 in the witness model produces a model where

no directed paths connect 𝑋 to 𝑌, as ⃗𝐼 are exogenous in the resulting model.10 As now 𝑋 isn’t an

ancestor of 𝑌, per the intervention corollary, no intervention on 𝑋 will affect the possible values of

𝑌, and the target causal claim fails.

6 Conclusion

Causal underdeterminism is a genuine causal phenomenon, as witnessed by the fact that underdeter-

ministic dependencies satisfy the graphoid axioms, that underdeterministic models satisfy the causal

Markov condition, and that underdeterministic type causation satisfies Hausman and Woodward’s

three desiderata. Deterministic and probabilistic causation just got a sibling.

7 Proofs

7.1 Prerequisites

The proofs heavily rely on the notions of possibility sets and spatial concatenation.

A possibility set contains the projections onto given variables (call them the projection variables) of

all solutions where a certain event (call it the condition) happens:

𝔐𝜑[�⃗�] = {�⃗�[�⃗�]� �⃗� is a solution to 𝔐 that satisfies 𝜑} . (19)

Therefore, �⃗�’s possibility set conditional on 𝜑 consists of all values of �⃗� from the solutions in

which 𝜑 occurs.11 You can think of the possibility set as the sum of all conjunctive events over �⃗�
that happen in the solutions that satisfy the condition. Notice that 𝜑 can be over variables other

than �⃗�. 𝔐⊤[�⃗�] denotes the projection of all solutions onto �⃗�, and therefore 𝔐⊤[𝒱] denotes

10Specifically, where ⃗𝑖 is the assignment of values to ⃗𝐼, 𝔐�⃗�= ⃗𝑓 ∧(𝑋=𝑥∨𝑋=�̲̲̲̲̲�)∧ ⃗𝐼= ⃗𝑖 is the resulting model.
11Possibility sets have an illustrative analog in the SQL language. If you treat the set of all solutions as a table with 𝒱 as
columns, 𝔐𝜑[�⃗�] reads as: select distinct �⃗� from solutions where 𝜑. Moreover, junction (1) corresponds
to joining tables on all shared variables.
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the set of all solutions. An illustration: in the economists model, 𝔐𝑂=.8[𝐴] = {⟨.75𝐴⟩ , ⟨.85𝐴⟩};
𝔐𝑆>𝑂[𝑃, 𝑇] = {⟨.8𝑃, .8𝑇⟩ , ⟨.8𝑃, .9𝑇⟩}; 𝔐𝑃>10[𝑃, 𝐴, 𝑇] = ∅.

Hereafter, assume that ⃗𝑥 is over �⃗�, ⃗𝑦 is over �⃗�, ⃗𝑧 is over �⃗�, and �⃗� is over �⃗� unless specified

otherwise. Spatial concatenation combines two assignments into one that agrees with either assignment

on shared variables:

⃗𝑧 = ⃗𝑥⋆ ⃗𝑦 iff ⃗𝑧[�⃗�] = ⃗𝑥 and ⃗𝑧[�⃗�] = ⃗𝑦, where ⃗𝑧 is over �⃗��⃗�. (20)

E.g., ⟨.8𝑂, .9𝑆⟩ ⋆ ⟨.9𝑆, .9𝐴⟩ = ⟨.8𝑂, .9𝑆, .9𝐴⟩. If the assignments disagree on some shared value,

the operation is indeterminate. Spatial concatenation is associative, commutative, and idempotent.

The empty assignment ⟨⟩ is the operation’s one (the neutral element). I’ll typically omit brackets

for assignments over single variables: 𝑧⋆ ⃗𝑥 means ⟨𝑧⟩⋆ ⃗𝑥.
Junction is defined using spatial concatenation:

𝑈 1 𝑉 = ⋃
⃗𝑥∈𝑈

⋃
⃗𝑦∈𝑉

{ ⃗𝑥⋆ ⃗𝑦} , (21)

where 𝑈 contains assignments over �⃗�, 𝑉 over �⃗�, and 𝑈 1 𝑉 over �⃗��⃗�. (If ⃗𝑥⋆ ⃗𝑦 is indeterminate,

just move on to the next pair of assignments.) Junction is associative and commutative, {⟨⟩} is its

one, and ∅ is its zero (the annihilating element). If �⃗� and �⃗� are disjoint, the combination of every

element from 𝑈 and every element from 𝑉 ends up in 𝑈 1 𝑉 because ⃗𝑥⋆ ⃗𝑦 is always determinate,

i.e., for any ⃗𝑥, ⃗𝑦,

if �⃗� ∩ �⃗� = ∅ then ⃗𝑥⋆ ⃗𝑦 ∈ 𝑈 1 𝑉 iff ⃗𝑥 ∈ 𝑈 and ⃗𝑦 ∈ 𝑉. (22)

The definition entails that

⋃
𝑖

(𝑈𝑖 1 𝑉) = ⋃
𝑖

⋃
⃗𝑥∈𝑈𝑖

⋃
⃗𝑦∈𝑉

{ ⃗𝑥⋆ ⃗𝑦} = ⋃
⃗𝑥∈⋃𝑖 𝑈𝑖

⋃
⃗𝑦∈𝑉

{ ⃗𝑥⋆ ⃗𝑦} = ( ⋃
𝑖

𝑈𝑖) 1 𝑉, (23)

where 𝑈𝑖 are over the same variables.

The following identities will prove useful. For any ⃗𝑥 and ⃗𝑧,

⃗𝑥 ∈ 𝔐�⃗�= ⃗𝑧[�⃗�] iff ∃ ⃗𝑦. ⃗𝑥⋆ ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�], (24)
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which holds because 𝔐�⃗�= ⃗𝑧[�⃗�] is a projection of 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] onto �⃗�.

For any ⃗𝑥, ⃗𝑦, and ⃗𝑧,

⃗𝑥 ∈ 𝔐�⃗�= ⃗𝑦∧�⃗�= ⃗𝑧[�⃗�] iff ⃗𝑥⋆ ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�], (25)

which holds because checking if �⃗� = ⃗𝑥 holds in any of the solutions that satisfy �⃗� = ⃗𝑦 and �⃗� = ⃗𝑧
is equivalent to checking if �⃗� = ⃗𝑥 ∧ �⃗� = ⃗𝑦 holds in any of the solutions that satisfy �⃗� = ⃗𝑧. If

⃗𝑥⋆ ⃗𝑦 is indeterminate, assume (here and in similar cases) that the expression on the right side is false

(rather than itself indeterminate).

For ⃗𝑥 = ⃗𝑦, (25) implies that

⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑦∧�⃗�= ⃗𝑧[�⃗�] iff ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑧[�⃗�], (26)

and for ⃗𝑥 = ⟨⟩, it implies that

𝔐�⃗�= ⃗𝑦∧�⃗�= ⃗𝑧[∅] ≠ ∅ iff ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑧[�⃗�]. (27)

Together, (24) and (25) also entail that

𝔐�⃗�= ⃗𝑧[�⃗�] = ⋃
⃗𝑦
𝔐�⃗�= ⃗𝑦∧�⃗�= ⃗𝑧[�⃗�] = ⋃

⃗𝑦∈𝔐�⃗�=�⃗�[�⃗�]
𝔐�⃗�= ⃗𝑦∧�⃗�= ⃗𝑧[�⃗�], (28)

which in turn entails that

if �⃗� á �⃗� Ñ �⃗� then 𝔐�⃗�= ⃗𝑦∧�⃗�= ⃗𝑧[�⃗�] = 𝔐�⃗�= ⃗𝑧[�⃗�] for any ⃗𝑦 from 𝔐�⃗�= ⃗𝑧[�⃗�] (29)

because if �⃗� and �⃗� are independent conditional on �⃗�, any possible ⃗𝑦 is co-possible with any possible

⃗𝑧, and thus ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑧[�⃗�] iff ⃗𝑦 ∈ 𝔐⊤[�⃗�].

7.2 Graphoid axioms

I’ll now rewrite the definition of conditional independence (10) as:

�⃗� á �⃗� Ñ �⃗� iff 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] = 𝔐�⃗�= ⃗𝑧[�⃗�] 1 𝔐�⃗�= ⃗𝑧[�⃗�] for any ⃗𝑧. (30)
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In what follows, �⃗��⃗� and �⃗� are disjoint. Conditional independence satisfies symmetry (11),

which now reads as:

if 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] = 𝔐�⃗�= ⃗𝑧[�⃗�] 1 𝔐�⃗�= ⃗𝑧[�⃗�]

then 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] = 𝔐�⃗�= ⃗𝑧[�⃗�] 1 𝔐�⃗�= ⃗𝑧[�⃗�].
(31)

Symmetry holds because junction is commutative.

Conditional independence satisfies decomposition (12), which now reads as: for any ⃗𝑧,

if 𝔐�⃗�= ⃗𝑧[�⃗��⃗��⃗�] = 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] 1 𝔐�⃗�= ⃗𝑧[�⃗�]

then 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] = 𝔐�⃗�= ⃗𝑧[�⃗�] 1 𝔐�⃗�= ⃗𝑧[�⃗�].
(32)

Assume the antecedent of the axiom; decomposition holds because

𝔐�⃗�= ⃗𝑧[�⃗��⃗�] 1= { ⃗𝑥⋆ ⃗𝑦� ∃�⃗�. ⃗𝑥⋆ ⃗𝑦⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗��⃗�]}
2= { ⃗𝑥⋆ ⃗𝑦� ∃�⃗�. ⃗𝑥⋆ ⃗𝑦⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] 1 𝔐�⃗�= ⃗𝑧[�⃗�]}
3= { ⃗𝑥⋆ ⃗𝑦� ∃�⃗�. ⃗𝑥⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] ∧ ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑧[�⃗�]}
4= { ⃗𝑥⋆ ⃗𝑦� ⃗𝑥 ∈ 𝔐�⃗�= ⃗𝑧[�⃗�] ∧ ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑧[�⃗�]}
5= 𝔐�⃗�= ⃗𝑧[�⃗�] 1 𝔐�⃗�= ⃗𝑧[�⃗�].

The first transition holds in virtue of (24). The second holds in virtue of the antecedent. The third

holds in virtue of (22). The fourth holds in virtue of (24). The fifth holds in virtue of (22).

Conditional independence satisfies weak union (13), which now reads as: for any ⃗𝑧 and �⃗�,

if 𝔐�⃗�= ⃗𝑧[�⃗��⃗��⃗�] = 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] 1 𝔐�⃗�= ⃗𝑧[�⃗�]

then 𝔐�⃗�=�⃗�∧�⃗�= ⃗𝑧[�⃗��⃗�] = 𝔐�⃗�=�⃗�∧�⃗�= ⃗𝑧[�⃗�] 1 𝔐�⃗�=�⃗�∧�⃗�= ⃗𝑧[�⃗�].
(33)
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Assume the antecedent of the axiom; weak union holds because

𝔐�⃗�=�⃗�∧�⃗�= ⃗𝑧[�⃗��⃗�] 1= { ⃗𝑥⋆ ⃗𝑦� ⃗𝑥⋆ ⃗𝑦⋆�⃗� ∈ 𝔐�⃗�=�⃗�∧�⃗�= ⃗𝑧[�⃗��⃗��⃗�]}
2= { ⃗𝑥⋆ ⃗𝑦� ⃗𝑥⋆ ⃗𝑦⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗��⃗�]}
3= { ⃗𝑥⋆ ⃗𝑦� ⃗𝑥⋆ ⃗𝑦⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] 1 𝔐�⃗�= ⃗𝑧[�⃗�]}
4= { ⃗𝑥⋆ ⃗𝑦� ⃗𝑥⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] ∧ ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑧[�⃗�]}
5= { ⃗𝑥⋆ ⃗𝑦� ⃗𝑥⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] ∧ �⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗�] ∧ ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑧[�⃗�]}
6= { ⃗𝑥⋆ ⃗𝑦� ⃗𝑥⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] ∧ ⃗𝑦⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�]}
7= { ⃗𝑥⋆ ⃗𝑦� ⃗𝑥 ∈ 𝔐�⃗�=�⃗�∧�⃗�= ⃗𝑧[�⃗�] ∧ ⃗𝑦 ∈ 𝔐�⃗�=�⃗�∧�⃗�= ⃗𝑧[�⃗�]}
8= 𝔐�⃗�=�⃗�∧�⃗�= ⃗𝑧[�⃗�] 1 𝔐�⃗�=�⃗�∧�⃗�= ⃗𝑧[�⃗�].

I’ll explain only the unfamiliar moves. The second transition holds in virtue of (25). The third holds

in virtue of the antecedent. The fifth holds because ⃗𝑥⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] entails �⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗�],
as the second set is a projection of the first. The seventh holds in virtue of (25).

Conditional independence satisfies contraction (14), which now reads as: for any ⃗𝑧,

if 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] = 𝔐�⃗�= ⃗𝑧[�⃗�] 1 𝔐�⃗�= ⃗𝑧[�⃗�]

and 𝔐�⃗�= ⃗𝑥∧�⃗�= ⃗𝑧[�⃗��⃗�] = 𝔐�⃗�= ⃗𝑥∧�⃗�= ⃗𝑧[�⃗�] 1 𝔐�⃗�= ⃗𝑥∧�⃗�= ⃗𝑧[�⃗�] for any ⃗𝑥

then 𝔐�⃗�= ⃗𝑧[�⃗��⃗��⃗�] = 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] 1 𝔐�⃗�= ⃗𝑧[�⃗�].

(34)
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Assume the antecedent of the axiom; contraction holds because

𝔐�⃗�= ⃗𝑧[�⃗��⃗��⃗�] 1= { ⃗𝑥⋆ ⃗𝑦⋆�⃗�� ⃗𝑥⋆ ⃗𝑦⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗��⃗�]}
2= { ⃗𝑥⋆ ⃗𝑦⋆�⃗�� ⃗𝑦⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑥∧�⃗�= ⃗𝑧[�⃗��⃗�]}
3= { ⃗𝑥⋆ ⃗𝑦⋆�⃗�� ⃗𝑦⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑥∧�⃗�= ⃗𝑧[�⃗�] 1 𝔐�⃗�= ⃗𝑥∧�⃗�= ⃗𝑧[�⃗�]}
4= { ⃗𝑥⋆ ⃗𝑦⋆�⃗�� ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑥∧�⃗�= ⃗𝑧[�⃗�] ∧ �⃗� ∈ 𝔐�⃗�= ⃗𝑥∧�⃗�= ⃗𝑧[�⃗�]}
5= { ⃗𝑥⋆ ⃗𝑦⋆�⃗�� ⃗𝑥⋆ ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] ∧ ⃗𝑥⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�]}
6= { ⃗𝑥⋆ ⃗𝑦⋆�⃗�� ⃗𝑥 ∈ 𝔐�⃗�= ⃗𝑧[�⃗�] ∧ ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑧[�⃗�] ∧ ⃗𝑥⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�]}
7= { ⃗𝑥⋆ ⃗𝑦⋆�⃗�� ⃗𝑦 ∈ 𝔐�⃗�= ⃗𝑧[�⃗�] ∧ ⃗𝑥⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�]}
8= 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] 1 𝔐�⃗�= ⃗𝑧[�⃗�].

The second and fifth transition hold in virtue of (25). The third holds in virtue of the second

conjunct in the axiom’s antecedent. The seventh holds because ⃗𝑥⋆�⃗� ∈ 𝔐�⃗�= ⃗𝑧[�⃗��⃗�] entails ⃗𝑥 ∈

𝔐�⃗�= ⃗𝑧[�⃗�], and the latter conjunct can be omitted.

Another useful fact: variables that assume a single necessary value make no difference to depen-

dence relations,

�⃗� á �⃗� Ñ ⃗𝐹�⃗� iff �⃗� á �⃗� Ñ �⃗� where 𝔐⊨ ⃗𝐹 = ⃗𝑓 , (35)

which holds because 𝔐�⃗�= ⃗𝑓 ∧�⃗�= ⃗𝑧[�⃗�] = 𝔐�⃗�= ⃗𝑧[�⃗�] if all solutions satisfy ⃗𝐹 = ⃗𝑓 .

7.3 The causal Markov condition

The proof requires that I first describe how a model’s solutions are produced. A model has 𝐿
variables, ordered topologically; the 𝑖th equation determines the values of the 𝑖th variable.

Let Σ𝑖 be the set of all solutions to the first 𝑖 equations. To produce Σ𝑖, 𝑖 ≥ 1, take every partial
solution 𝜎(𝑖−1) from Σ𝑖−1, where Σ0 = {⟨⟩}. Next, take the set of all values of the 𝑖th variable that

are possible given the values that �⃗�, the 𝑖th variable’s parents, take on in that solution: 𝑓𝑖(𝜎(𝑖−1)[�⃗�]),
where 𝑓𝑖 is the 𝑖th equation. For every such possible value, append it to the partial solution it was
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produced from and put the new partial solution in Σ𝑖:
12

Σ𝑖 = {𝜎(𝑖−1)⋆𝑣� 𝜎(𝑖−1) ∈ Σ𝑖−1 ∧ 𝑣 ∈ 𝑓𝑖(𝜎(𝑖−1)[�⃗�])} . (36)

The set of all solutions to 𝔐, 𝔐⊤[𝒱], just is Σ𝐿.

Every partial solution from Σ𝑗, 𝑗 > 𝑖, contains as a prefix some partial solution from Σ𝑖, and

every partial solution from Σ𝑖 extends to at least one partial solution from Σ𝑗 (because equations

return at least one value). Therefore, Σ𝑖 is the projection of Σ𝑗 onto the first 𝑖 variables. For 𝑗 = 𝐿,
this spells as

Σ𝑖 = 𝔐⊤[𝑉1, … , 𝑉𝑖], (37)

where 𝑉𝑖 is the 𝑖th variable.

The two identities entail that the possibility set of �⃗��⃗�, where �⃗� are topologically prior to �⃗� and

include �⃗�’s every parent, is determined by �⃗�’s equation and the possibility set of �⃗�,

𝔐⊤[�⃗��⃗�] = { ⃗𝑥⋆ ⃗𝑦� ⃗𝑥 ∈ 𝔐⊤[�⃗�] ∧ ∀𝑖. ⃗𝑦[𝑌𝑖] ∈ 𝑓𝑖( ⃗𝑥[�⃗�𝑖])} , (38)

where 𝑌𝑖 is that the 𝑖th variable in �⃗�, 𝑓𝑖 is its equation, and �⃗�𝑖 are the variable’s parents, �⃗�𝑖 ⊆ �⃗�.13

In virtue of the definition of the possibility set, if 𝜑 is over some variables from 𝑉1, … , 𝑉𝑖,

𝔐𝜑[𝑉1, … , 𝑉𝑖] = {�⃗�(𝑖)� �⃗�(𝑖) ∈ Σ𝑜 ∧ �⃗�(𝑖) statisfies 𝜑} . (39)

In short, 𝔐𝜑[𝑉1, … , 𝑉𝑖] is Σ𝑖 filtered by 𝜑.
Now, for the proof of the causal Markov condition. The condition states that any node is

conditionally independent from its non-descendants given its parents,

𝑋 á �⃗� Ñ �⃗�, i.e., 𝔐�⃗�=�⃗�[𝑋�⃗�] = 𝔐�⃗�=�⃗�[𝑋] 1 𝔐�⃗�=�⃗�[�⃗�] (40)

where �⃗� are 𝑋’s parents, and �⃗� are all the nodes that don’t descend from �⃗�; therefore, 𝑋 ∉ �⃗�, but

�⃗� ⊆ �⃗�.

Assume that in the topological order, 𝑋’s non-descendants �⃗� come before 𝑋; if the order doesn’t

satisfy this condition, you can always rearrange the variables. Since �⃗� are 𝑋’s all non-descendants,

12For exogenous nodes, �⃗� = ∅, and the condition on 𝑣 is 𝑣 ∈ 𝑓𝑖.
13The full proof would be inductive over the number of variables in �⃗�; I won’t give it here, however, as it’s trivial.
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𝑋�⃗� is closed on ancestors. Hence, if 𝑋 is the 𝑖th variable, 𝑋�⃗� contains the first 𝑖 variables, and �⃗�
contains the first 𝑖 − 1 variables. Therefore, for any ⃗𝑝 over �⃗�,

𝔐�⃗�=�⃗�[𝑋�⃗�] 1= {𝜎(𝑖)� 𝜎(𝑖) ∈ Σ𝑖 ∧ 𝜎(𝑖)[�⃗�] = ⃗𝑝}
2= {𝜎(𝑖−1)⋆𝑥� 𝜎(𝑖−1) ∈ Σ𝑖−1 ∧ 𝑥 ∈ 𝑓𝑋(𝜎(𝑖−1)[�⃗�]) ∧ 𝜎(𝑖−1)[�⃗�] = ⃗𝑝}
3= {𝜎(𝑖−1)⋆𝑥� 𝜎(𝑖−1) ∈ Σ𝑖−1 ∧ 𝑥 ∈ 𝑓𝑋( ⃗𝑝) ∧ 𝜎(𝑖−1)[�⃗�] = ⃗𝑝}
4= {𝜎(𝑖−1)⋆𝑥� 𝜎(𝑖−1) ∈ 𝔐�⃗�=�⃗�[�⃗�] ∧ 𝑥 ∈ 𝑓𝑋( ⃗𝑝)}
5= 𝔐�⃗�=�⃗�[�⃗�] 1 𝑓𝑋( ⃗𝑝)
6= 𝔐�⃗�=�⃗�[�⃗�] 1 𝔐�⃗�=�⃗�[𝑋]

(41)

The first and fourth transition hold in virtue of (39) and �⃗� ⊆ �⃗�. The second holds in virtue of

(36). The fifth holds in virtue of (22). In the sixth transition, it’s not simply the case that for any

⃗𝑝, 𝑓𝑋( ⃗𝑝) = 𝔐�⃗�=�⃗�[𝑋] because if �⃗� = ⃗𝑝 is impossible on 𝔐, 𝔐�⃗�=�⃗�[𝑋] = ∅, whereas a structural

equation always returns a non-empty set. However, if �⃗� = ⃗𝑝 is impossible, 𝔐�⃗�=�⃗�[�⃗�] = ∅ too,

and therefore 𝔐�⃗�=�⃗�[�⃗�] 1 𝑓𝑋( ⃗𝑝) = ∅; and if �⃗� = ⃗𝑝 is possible, 𝑓𝑋( ⃗𝑝) = 𝔐�⃗�=�⃗�[𝑋] because all

values of 𝑋 returned by its equation applied to ⃗𝑝 are possible. In either case, 𝔐�⃗�=�⃗�[�⃗�] 1 𝑓𝑋( ⃗𝑝) =
𝔐�⃗�=�⃗�[�⃗�] 1 𝔐�⃗�=�⃗�[𝑋], and the sixth transition holds.

7.4 The agreement theorem and the intervention corollary

The intervention corollary states that intervening on proper non-ancestors of some variables doesn’t

change what events over these variables are possible. I’ll prove a stronger agreement theorem: if two

models agree on �⃗�’s ranges and equations, �⃗� and �⃗� don’t overlap, all �⃗� are screened off by �⃗�
from all �⃗�’s ancestors not in �⃗�, and the models agree on �⃗�’s possible values conditional on some

event over any subset of �⃗��⃗�, then the models agree on the possibility sets of any variables from �⃗��⃗�
conditional on that event. That is,

if 𝔐𝜑[�⃗�] = 𝔪𝜑[�⃗�] then 𝔐𝜑[�⃗�] = 𝔪𝜑[�⃗�], (42)

where 𝔐 and 𝔪 agree on the ranges and equations of �⃗�, �⃗� ⊆ �⃗��⃗�, and 𝜑 is over at most �⃗��⃗�. The

theorem says that if you focus solely on �⃗��⃗� in two models, where all �⃗� ultimately descend from

�⃗� alone, make sure that �⃗� agree on their possible values conditional on 𝜑, and make sure that �⃗�
agree on their equations, then the two fragments of models, when filtered by 𝜑, fully agree with
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each other.

The proof is by induction on 𝑛, the longest path from �⃗� to �⃗�. For the base step, take 𝑛 = 0,
which means that �⃗� ⊆ �⃗�, and 𝜑 is over at most �⃗�. In that case, 𝔐𝜑[�⃗�] = 𝔪𝜑[�⃗�] entails

𝔐𝜑[�⃗�] = 𝔪𝜑[�⃗�], as the latter sets are projections of the former onto �⃗�.

For the inductive step, take 𝑛 = 𝑁 and assume the theorem holds for any shorter path. Assume,

for now, that �⃗� is closed on all ancestors from �⃗��⃗�; therefore, in particular, �⃗� ⊆ �⃗�. Let �⃗� =
�⃗� ⊍ �⃗� ⊍ �⃗�, where the assumption holds of �⃗� but not of �⃗�, i.e., all paths from �⃗� to �⃗� are shorter

than 𝑁 edges, and all paths from �⃗� to �⃗� have at most 𝑁 edges (and at least one edge). Per the

theorem’s antecedent, assume that 𝔐𝜑[�⃗�] = 𝔪𝜑[�⃗�], where 𝜑 is over any subset of �⃗�.
The idea behind the inductive step is to move from �⃗��⃗��⃗� to �⃗��⃗�, apply the inductive assumption,

and move back to �⃗��⃗��⃗�. Since 𝜑 can be over �⃗��⃗��⃗�, however, I need a different condition; denote

it by 𝜑∗. As 𝜑∗ take an event name over �⃗��⃗� such that ⃗𝑝⋆ℎ⃗ satisfies 𝜑∗ iff ⃗𝑝⋆ℎ⃗ ∈ 𝔐𝜑[�⃗��⃗�]. For
now, assume that you can always choose such a name; I’ll prove that it is so momentarily. First, the

proof:

𝔐𝜑[�⃗�] 1= 𝔐𝜑[�⃗��⃗��⃗�]
2= { ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡� ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡 ∈ 𝔐⊤[�⃗��⃗��⃗�] ∧ ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡 satisfies 𝜑}
3= { ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡� ∀𝑖. ⃗𝑡[𝑇𝑖] ∈ 𝑓𝑖( ⃗𝑝⋆ℎ⃗) ∧ ⃗𝑝⋆ℎ⃗ ∈ 𝔐⊤[�⃗��⃗�] ∧ ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡 satisfies 𝜑}
4= { ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡� ∀𝑖. ⃗𝑡[𝑇𝑖] ∈ 𝑓𝑖( ⃗𝑝⋆ℎ⃗) ∧ ⃗𝑝⋆ℎ⃗ ∈ 𝔐𝜑∗[�⃗��⃗�] ∧ ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡 satisfies 𝜑}
5= { ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡� ∀𝑖. ⃗𝑡[𝑇𝑖] ∈ 𝑓𝑖( ⃗𝑝⋆ℎ⃗) ∧ ⃗𝑝⋆ℎ⃗ ∈ 𝔪𝜑∗[�⃗��⃗�] ∧ ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡 satisfies 𝜑}
6= { ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡� ∀𝑖. ⃗𝑡[𝑇𝑖] ∈ 𝑓𝑖( ⃗𝑝⋆ℎ⃗) ∧ ⃗𝑝⋆ℎ⃗ ∈ 𝔪⊤[�⃗��⃗�] ∧ ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡 satisfies 𝜑}
7= { ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡� ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡 ∈ 𝔪⊤[�⃗��⃗��⃗�] ∧ ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡 satisfies 𝜑}
8= 𝔪𝜑[�⃗��⃗��⃗�] 9= 𝔪𝜑[�⃗�],

where ⃗𝑝, ℎ⃗, ⃗𝑡 are over �⃗�, �⃗�, �⃗�; 𝑇𝑖 is the 𝑖th variable in �⃗�; and 𝑓𝑖 is this variable’s equation. I abused
notation: since 𝑓𝑖 might map the values of a subset of �⃗��⃗� onto the values of 𝑇𝑖, read 𝑓𝑖( ⃗𝑝⋆ℎ⃗) as if

the function ignored all values from ⃗𝑝⋆ℎ⃗ that aren’t the values of 𝑇𝑖’s parents.

Crucial is the construction of 𝜑∗. If 𝔐𝜑[�⃗��⃗�] is finite, that’s easy—just take 𝜑∗ as the disjunction

�⃗��⃗� = ⃗𝑣1 ∨ … ∨ �⃗��⃗� = ⃗𝑣𝑚, where 𝔐𝜑[�⃗��⃗�] = { ⃗𝑣1, … , ⃗𝑣𝑚}. For such 𝜑∗, the fourth and sixth

transition go through in virtue of the definition of the possibility set. However, for if 𝔐𝜑[�⃗��⃗�] is
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infinite, I need a different construction. Instead, as 𝜑∗ take

∃𝑡1, … , 𝑡𝑘. 𝜑[𝑡1, \𝑇1, … , 𝑡𝑘, \𝑇𝑘] ∧ 𝑡1 ∈ 𝑓1(�⃗��⃗�) ∧ … ∧ 𝑡𝑘 ∈ 𝑓𝑘(�⃗��⃗�), (43)

where there are 𝑘 variables in �⃗�, and the expression in the brackets indicates that you substitute 𝑡1

for every occurrence of 𝑇1 in 𝜑, 𝑡2 for every occurrence of 𝑇2, and so on.14 (I again abused notation

when listing arguments in 𝑓𝑖.) The name is over �⃗��⃗�, as all occurrences of �⃗� have been replaced with

bound variables.

The second and eighth transition hold in virtue of (19), the definition of a possibility set. The

third and seventh holds in virtue of (38) applied �⃗� and �⃗��⃗�.

The fourth and sixth hold because for any ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡 that satisfies 𝜑, ⃗𝑝⋆ℎ⃗ is in 𝔐𝜑∗[�⃗��⃗�] (in

𝔪𝜑∗[�⃗��⃗�]) iff it’s in 𝔐⊤[�⃗��⃗�] (in 𝔪⊤[�⃗��⃗�]). Left-to-right: if ⃗𝑝⋆ℎ⃗ ∈ 𝔐𝜑∗[�⃗��⃗�], then ⃗𝑝⋆ℎ⃗ ∈

𝔐⊤[�⃗��⃗�] because 𝔐𝜑∗[�⃗��⃗�] ⊆ 𝔐⊤[�⃗��⃗�]. Right-to-left: if ⃗𝑝⋆ℎ⃗ ∈ 𝔐⊤[�⃗��⃗�], then ⃗𝑝⋆ℎ⃗ ∈

𝔐𝜑∗[�⃗��⃗�] because that ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡 satisfies 𝜑 means that ⃗𝑝⋆ℎ⃗ satisfies 𝜑 where values from ⃗𝑡 are sub-
stituted for the corresponding variable names from �⃗�, which in turn means that ⃗𝑝⋆ℎ⃗ satisfies 𝜑∗.

The same considerations apply to 𝔪.

The fifth transition holds in virtue of the inductive assumption. But for the inductive assump-

tion to apply, it must be that 𝔐𝜑∗[�⃗�] = 𝔪𝜑∗[�⃗�]. And it is. 𝜑∗ is constructed in such a way that

⃗𝑝⋆ℎ⃗ is possible and satisfies 𝜑∗ iff there’s some ⃗𝑡 such that ⃗𝑝⋆ℎ⃗⋆ ⃗𝑡 is possible and satisfies 𝜑. That
means that 𝔐𝜑[�⃗��⃗�] = 𝔐𝜑∗[�⃗��⃗�], which in turn entails that 𝔐𝜑[�⃗�] = 𝔐𝜑∗[�⃗�]. Analogously

for 𝔪. Because 𝔐𝜑[�⃗�] = 𝔪𝜑[�⃗�] per the theorem’s antecedent, 𝔐𝜑∗[�⃗�] = 𝔪𝜑∗[�⃗�], and the

inductive assumption applies: 𝔐𝜑∗[�⃗��⃗�] = 𝔪𝜑∗[�⃗��⃗�]. The fifth transition goes through.

This completes the proof for �⃗� that are closed on their ancestors from �⃗��⃗�. If �⃗� doesn’t satisfy

this requirement, notice that �⃗��⃗� does satisfy the requirement, and therefore that 𝔐𝜑[�⃗�] = 𝔪𝜑[�⃗�]
entails 𝔐𝜑[�⃗��⃗�] = 𝔪𝜑[�⃗��⃗�]. Thus, project 𝔐𝜑[�⃗��⃗�] and 𝔪𝜑[�⃗��⃗�] onto �⃗� to obtain 𝔐𝜑[�⃗�] =
𝔪𝜑[�⃗�], which completes the proof for any �⃗�.

The intervention corollary is a consequence of (42). Let ̇𝜌 be any simple event over �⃗�, some

proper non-ancestors of �⃗�. On the corollary, intervening on �⃗� won’t modify �⃗�’s possible values:

𝔐⊤
̇𝜌 [�⃗�] = 𝔐⊤[�⃗�]. (44)

Let ⃗𝐴 be �⃗�’s ancestors. Rearrange the variables so �⃗� ⃗𝐴 come before �⃗�. Bringing about ̇𝜌 will now

14Notice that the syntax of the framework is flexible enough to count 𝜑∗ as a well-formed event name.
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modify the equations of the variables topologically posterior to �⃗�, which means that 𝔐 and 𝔐 ̇𝜌

agree on �⃗� ⃗𝐴’s equations. Since �⃗� ⃗𝐴 are screened by �⃗� = ∅ from their own ancestors not in �⃗� ⃗𝐴 (as

�⃗� ⃗𝐴 is closed on ancestors), and 𝔐⊤
∅ [�⃗�] = {⟨⟩} = 𝔐⊤[∅], the agreement theorem applies (for ⊤

as 𝜑), and the corollary holds.

The agreement theorem entails another corollary. If �⃗� screen off �⃗� from �⃗�’s ancestors, deter-
ministically intervening on �⃗� results in the same possible values of �⃗� as conditionalizing on �⃗�,
provided �⃗�’s values are possible: for any ⃗𝑧 from 𝔐⊤[�⃗�],

𝔐�⃗�= ⃗𝑧[�⃗�] = 𝔐�⃗�= ⃗𝑧
�⃗�= ⃗𝑧[�⃗�] = 𝔐⊤

�⃗�= ⃗𝑧[�⃗�]. (45)

The first identity holds in virtue of (42). The second identity holds because all solutions to 𝔐�⃗�= ⃗𝑧
already satisfy �⃗� = ⃗𝑧.

7.5 Dependence entails causation

If two variables depend on each other, one causes the other or they share a common cause. I.e., if

𝑋 á 𝑌 Ñ ∅ in 𝔐, then there’s a variable 𝑍, such that 𝑍 is or causes 𝑋, and 𝑍 is or causes 𝑌:

if 𝔐⊤[𝑋𝑌] = 𝔐⊤[𝑋] 1 𝔐⊤[𝑌] then for some 𝑍, 𝑧, 𝑧̲

𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧

[𝑋] ≠ 𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=�̲̲̲̲�

[𝑋] and 𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧

[𝑌] ≠ 𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=�̲̲̲̲�

[𝑌].
(46)

The idea behind the proof is this: take all candidates for the common cause and go through

them one by one moving up in the topological order. If the focus node satisfies the consequent in

(46), you found a common cause. If not, freeze the node at some appropriate value, add it to the

contingency, and move on. The proof boils down to showing that this procedure guarantees finding

a common cause before you run out of the candidates.

As �⃗�, the candidates, take the set of all common ancestors of 𝑋 from 𝑌; since �⃗� separates 𝑋
from 𝑌, 𝑋 á 𝑌 Ñ ∅. As 𝑍, the focus node, first take the topologically earliest variable from �⃗�. This
also means that 𝑍 screens off both 𝑋 and 𝑌 from all of 𝑍’s ancestors; otherwise, the un-screened

ancestor also would belong to �⃗� and be topologically prior to 𝑍. Test if there’s a possible value

of 𝑍 (i.e., 𝔐 ⊨ 𝑍 = 𝑧) such that 𝑋 á 𝑌 Ñ ∅ in 𝔐𝑍=𝑧. If so, set 𝑍 to 𝑧 with an intervention

and repeat—in the resulting model, take the next topologically earliest variable from �⃗�. Notice that

because 𝑋 á 𝑌 Ñ ∅ but 𝑋 á 𝑌 Ñ �⃗� in both the original and resulting model, in virtue of (35),
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you’re bound to find a 𝑍 such that for its every possible value 𝑧, 𝑋 á 𝑌 Ñ ∅ after setting 𝑍 to 𝑧.15

Let 𝔐�⃗�= ⃗𝑓 be the resulting model, where ⃗𝐹 are the nodes from �⃗� topologically prior to 𝑍, and
⃗𝐹 = ⃗𝑓 are the values you set these variables to prior to finding 𝑍. Because any ancestor common to

𝑍 and 𝑋 or 𝑌 is already in ⃗𝐹 and thus set to a single value, in virtue of (45),

𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧

[𝑋𝑌] = 𝔐𝑍=𝑧
�⃗�= ⃗𝑓

[𝑋𝑌] for any 𝑧 from 𝔐⊤
�⃗�= ⃗𝑓

[𝑍].

Since you chose 𝑍 so that for any such 𝑧,

𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧

[𝑋𝑌] = 𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧

[𝑋] 1 𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧

[𝑌],

this means that

𝔐𝑍=𝑧
�⃗�= ⃗𝑓

[𝑋𝑌] = 𝔐𝑍=𝑧
�⃗�= ⃗𝑓

[𝑋] 1 𝔐𝑍=𝑧
�⃗�= ⃗𝑓

[𝑌].

Second, for every 𝑧 and some 𝑧′, 𝑧″ from 𝔐⊤
�⃗�= ⃗𝑓

[𝑍],

𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧

[𝑋] ≠ 𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧′[𝑋] and 𝔐⊤

�⃗�= ⃗𝑓 ∧𝑍=𝑧
[𝑌] ≠ 𝔐⊤

�⃗�= ⃗𝑓 ∧𝑍=𝑧″[𝑌]. (47)

It is so because otherwise any two interventions on 𝑍 would produce the same possibility sets over

𝑋 and over 𝑌, which would contradict the assumption that 𝑋 á 𝑌 Ñ ⃗𝐹. That is, say that for any

possible 𝑧, 𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧

[𝑋] = 𝔐𝑍=𝑧
�⃗�= ⃗𝑓

[𝑋] = 𝔐⊤
�⃗�= ⃗𝑓

[𝑋];16 then:

𝔐⊤
�⃗�= ⃗𝑓

[𝑋𝑌] = ⋃
𝑧∈𝔐⊤

�⃗�= ⃗𝑓
[𝑍]

𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧

[𝑋𝑌] = ⋃
𝑧∈𝔐⊤

�⃗�= ⃗𝑓
[𝑍]

𝔐𝑍=𝑧
�⃗�= ⃗𝑓

[𝑋𝑌]

= ⋃
𝑧∈𝔐⊤

�⃗�= ⃗𝑓
[𝑍]

𝔐𝑍=𝑧
�⃗�= ⃗𝑓

[𝑋] 1 𝔐𝑍=𝑧
�⃗�= ⃗𝑓

[𝑌] = 𝔐⊤
�⃗�= ⃗𝑓

[𝑋] 1 ⋃
𝑧∈𝔐⊤

�⃗�= ⃗𝑓
[𝑍]

𝔐𝑍=𝑧
�⃗�= ⃗𝑓

[𝑌]

= 𝔐⊤
�⃗�= ⃗𝑓

[𝑋] 1 𝔐⊤
�⃗�= ⃗𝑓

[𝑌],

which contradicts the assumption that 𝑋 á 𝑌 Ñ ∅ in 𝔐�⃗�= ⃗𝑓 .

15Corollary (35) means that setting a node to a single value effectively breaks all d-connections going through this node;
if you intervene on all �⃗� this way, 𝑋 and 𝑌 will be as if they were d-separated, even though the graph still contains
the d-connecting paths.

16In virtue of (28), it would have to be that 𝔐𝑍=𝑧
�⃗�= ⃗𝑓

[𝑋] = 𝔐⊤
�⃗�= ⃗𝑓

[𝑋] if the former is the same for any possible 𝑧.
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Third, (47) entails that for some 𝑧 and 𝑧,̲

𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧

[𝑋] ≠ 𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=�̲̲̲̲�

[𝑋] and 𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧

[𝑌] ≠ 𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=�̲̲̲̲�

[𝑌], (48)

i.e., the consequent in the theorem is satisfied. Choose 𝑧′, 𝑧″, and 𝑧‴ such that

𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧′[𝑋] ≠ 𝔐⊤

�⃗�= ⃗𝑓 ∧𝑍=𝑧″[𝑋] and 𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧′[𝑌] ≠ 𝔐⊤

�⃗�= ⃗𝑓 ∧𝑍=𝑧‴[𝑌];

it’s always possible since neither possibility set can be the same for all possible values of 𝑍. If

𝔐⊤
�⃗�= ⃗𝑓 ∧𝑍=𝑧′[𝑌] = 𝔐⊤

�⃗�= ⃗𝑓 ∧𝑍=𝑧″[𝑌], choose 𝑧″ as 𝑧 and 𝑧‴ as 𝑧;̲ otherwise, choose 𝑧′ as 𝑧 and 𝑧″ as

𝑧.̲ In either case, there are two interventions on 𝑍 under contingency ⃗𝐹 = ⃗𝑓 , such that (48) holds.

The interventions make a difference to the possible values of 𝑋 and the possible values of 𝑌: 𝑍
causes or is 𝑋 and 𝑍 causes or is 𝑌.
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